The distribution of species body size within taxonomic groups exhibits a heavy right-tail extending over many orders of magnitude, where most species are significantly larger than the smallest species. We provide a simple model of cladogenetic diffusion over evolutionary time that omits explicit mechanisms for inter-specific competition and other microevolutionary processes yet fully explains the shape of this distribution. We estimate the model's parameters from fossil data and find that it robustly reproduces the distribution of 4002 mammal species from the late Quaternary. The observed fit suggests that the asymmetric distribution arises from a fundamental tradeoff between the short-term selective advantages (Cope's rule) and long-term selective risks of increased species body size, in the presence of a taxon-specific lower limit on body size.
The distribution of species body size within taxonomic groups exhibits a heavy right-tail extending over many orders of magnitude, where most species are significantly larger than the smallest species. We provide a simple model of cladogenetic diffusion over evolutionary time that omits explicit mechanisms for inter-specific competition and other microevolutionary processes yet fully explains the shape of this distribution. We estimate the model's parameters from fossil data and find that it robustly reproduces the distribution of 4002 mammal species from the late Quaternary. The observed fit suggests that the asymmetric distribution arises from a fundamental tradeoff between the short-term selective advantages (Cope's rule) and long-term selective risks of increased species body size, in the presence of a taxon-specific lower limit on body size.
Most taxonomic groups show a common distribution of species body size [1, 2, 3] , with a single prominent mode relatively near but not at the smallest species size [4] and a smooth but heavy right-tail (often described as a rightskew on a log-size scale) extending for several orders of magnitude (e.g., Fig. 1 ). This distribution is naturally related to a wide variety of other species characteristics with which body size correlates, including habitat, life history, life span [5] , metabolism [6] and extinction risk [7] . A greater understanding of the underlying constraints on, and long-term trends in, body size evolution may provide information for conservation efforts [8] and insight about interactions between ecological and macroevolutionary processes [9] .
Studies of body size distributions have suggested that the prominent mode may be indicative of a taxonspecific energetically optimal body size [10, 11] , which is supported by microevolutionary studies of insular species [12] . However, evidence for Cope's rule [1, 13, 14] -the observation that species tend to be larger than their ancestors -and the fact that most species are not close to their group's predicted optimal size (among other reasons [15] ), suggest that this theory may be flawed. Alternatively, species body sizes may diffuse over evolutionary time. If so, Cope's rule alone could cause size distributions to exhibit heavy right-tails [1] , although sizedependent speciation or extinction rates [2, 9, 16] or sizeneutral diffusion near a taxon-specific lower limit on body size [17] could also produce a similar shape. Furthermore, different mechanisms may drive body size evolution on spatial and temporal scales [3] , and the importance of inter-specific competition to the macroevolutionary dynamics of species body size is not known. * This manuscript is a pre-print version that has not undergone final editing. Please refer to the complete version of record, Science 321, 399 -401 (2008), at http://www.sciencemag.org/. This manuscript may not be reproduced or used in any manner that does not fall within the fair use provisions of the Copyright Act without the prior, written permission of AAAS.
We developed a generalized diffusion model of species body size evolution, in which the size distribution is the product of three macroevolutionary processes (Fig. 1) . We combine these processes, each of which has been independently studied [1, 2, 17, 20] , in a single quantitative framework, estimate its parameters from fossil data on extinct terrestrial mammals from before the late Quaternary [19, 21] , and test whether this model, or simpler variants, can reproduce the sizes of the 4002 known extant and extinct terrestrial mammal species from the late Quaternary (Recent species) [18] .
This model assumes that (1) species size varies over evolutionary time as a cladogenetic multiplicative diffusion process [1, 17] : the size of a descendant species x D is the product of a stochastic growth factor λ and its ances- [18] ), showing the three macroevolutionary processes that shape the relative abundances of different sizes. The left-tail of the distribution is created by diffusion in the vicinity of a taxon-specific lower limit near 2 g, while the long right-tail is produced by the interaction of diffusion over evolutionary time (including trends like Cope's rule) and the long-term risk of extinction from increased body size. tor's size x A , i.e., x D = λ x A . For each speciation event, a new λ is drawn from the distribution F (λ), which models the total influence on species size changes from all directions. A bias toward larger sizes (Cope's rule) appears as a positive average log-change to size log λ > 0, and may depend on the ancestor's size. (2) Species body size is restricted by a taxon-specific lower limit x min [6, 22] , which we model by requiring that F (λ < x min /x A ) = 0, i.e., the largest possible decrease in size for a particular speciation event is λ = x min /x A . In our computer simulations, time proceeds in discrete steps. At each step, exactly one new species is produced, which is the descendant of a randomly selected species. Finally, (3) every species independently becomes extinct with probability p e (x), which increases monotonically with size. A schematic of the model is shown in Fig. 2A (for technical details see Appendix A 1).
To make this model appropriately realistic, we estimated the form of each process from fossil data. The lower limit on mammalian body size is near 2 g, close to the size of both the Etruscan shrew (Suncus etruscus) and the bumblebee bat (Craseonycteris thonglongyai ). Fossil evidence suggests that this limit has existed since at least the Cretaceous-Tertiary boundary [19, 21, 23] . Further, a limit in this vicinity is supported by both experimental [22] and theoretical work [6] on mammalian metabolism.
Away from this limit, mammalian body size evolution is governed mainly by diffusion with a bias (Cope's rule) [14, 24] , while its evolution near the lower limit is likely constrained by the need for relatively specialized morphological structures [1] . We expect this latter effect to appear in fossil data as a systematic intensification of Cope's rule for very small-bodied species, i.e., increased log λ as x A → x min . From ancestor-descendant size data for 1106 extinct North American terrestrial mammals [19] , we estimated and compared three models of the distribution F (λ) as a function of ancestor size, including the model suggested by Alroy [14] which predicts a moderately bi-modal distribution in body sizes. Of these, a piecewise model (Fig. 2B) , with no effective optimal body size, has the best empirical support (model selection via likelihood ratio test and Bayesian information criterion; see Appendix B 2). This model includes both a strengthening of Cope's rule for small-bodied species (x 32 g) and a small but uniformly positive bias for larger species, resulting in an average body-size growth of 4.1 ± 1.0% between ancestors and their descendants ( log λ = 0.04 ± 0.01).
This result supports the existence of short-term selective advantages for increased species body size, e.g., better tolerance of resource fluctuations, better thermoregulation, and better predator avoidance [5] , but also implies a more nuanced view: small-bodied species exhibit even greater selective advantages from increased size, e.g., because of greater morphological flexibility.
Empirical estimates of extinction rates (or equivalently, speciation rates) as functions of body size are uncertain [25] , due to the bias and incompleteness of the fossil record. We partly control for this uncertainty by utilizing a simplistic model of extinction risk p e (x), largely estimated from the data, where extinction occurs independently with a probability calculated only from the species' size. We specified a basal extinction rate β by assuming that the number of Recent terrestrial mammal species is close to a putative carrying capacity. We then let extinction risk per unit time increase logarithmically with body size [26] (see Appendix A 2). This model leaves only the rate ρ by which risk increases with size as a free parameter, which was chosen by minimizing the statistical distance between the simulated and empirical distributions (see Appendix A 3).
Inserting these three processes, as estimated above, into our computer model, we found that the model accurately predicted the distribution of Recent terrestrial mammal sizes over its seven orders of magnitude (Fig. 3A) , and was particularly accurate for small-bodied species (x < 80 g). Our sensitivity analysis further indicated that this prediction was highly robust to variations in most of the estimated parameters, but highly sensitive to the location of the lower-limit on body size. The estimated value of x min ≈ 2 g, however, is the most strongly supported of all model parameters. Thus, even large revisions to the other parameter estimates are unlikely to change our general conclusions (see Appendix C 2). Also, although a range of ρ values produced size distributions that were statistically close to the empirical distribution, the model predicts a particular extinction risk curve (Fig. S4 ) that could be tested with appropriate empirical data.
To further discriminate among alternative explanations for the species size distribution, we tested simpler diffusion models, each with parameters estimated from fossil data (see Appendix D), including (1) unbiased diffusion with a lower boundary, (2) Cope's rule with size-dependent extinction, (3) Cope's rule alone, (4) size-dependent extinction alone, and (5) a version of the full model that omits the increased bias for smallbodied species (x 32 g). We found that these models all predicted size distributions that differed, sometimes dramatically so, from the empirical distribution (Figs. 3B, 3C, S9 and S10). Additionally, we found that a positive bias log λ > 0 for large-bodied species is not necessary if the extinction risk increases less quickly (see Appendix C 2). These results support the inclusion of a fundamental lower limit, the diffusion of species size, and an increasing risk of extinction with size, as well as an increased bias toward larger sizes for small-bodied species (x 32 g).
Thus, the shape of a body size distribution can be interpreted in the context of these three macroevolutionary processes. An intermediate location for the distribution's mode (40 g for terrestrial mammals) is mainly caused by diffusion in the vicinity of the physiological lower limit on body size -which prevents the smallest species from being the most abundant. A heavy right-tail is then caused primarily by diffusion in the presence of extinction risks that increase weakly with size ρ > 0. For mammals, the within-lineage tendency toward increased size (Cope's rule, log λ > 0) shifts the mode toward slightly larger sizes and slightly increases the heaviness of the right-tail.
Under different conditions, these processes produce markedly different body size distributions. For instance, a long left-tail extending toward small-bodied species would indicate that the risk of extinction decreases with larger size ρ < 0. Similarly, a more symmetric distribution would indicate both that extinction rates are relatively size-independent ρ ≈ 0 and that changes to body size convey few selective advantages log λ ≈ 0. Although a suitable body size distribution is not currently available for dinosaurs (but see [27] ), evidence suggests that it may be more symmetric than for mammals. The right-skewed distribution's ubiquity, such as for insects and birds [1, 2] , suggests that such circumstances are rare, and that the mammalian distribution represents the norm.
This model omits explicit mechanisms for many canonical ecological and microevolutionary processes, including the impact of inter-specific competition, geography, predation, population dynamics, and size variation between speciation events (anagenetic evolution), which suggests that their contributions to the systematic or large-scale character of species body size distributions can be compactly summarized by the values of certain model parameters, e.g., the strength of Cope's rule log λ or the manner in which extinction risk increases with body size ρ. Some aspects of the body size distribution, however, are not explained by this model, such as the slight overabundance of terrestrial mammal species around 300 kg and the slight under-abundance around 1 kg (Fig. 3A) . Whether such deviations can be attributed to phylogenetically correlated speciation and extinction events is an open question. A more thorough examination of these macroevolutionary processes may explain their particular form and origin, and answer why body size is weakly correlated with increased extinction rates (or, decrease of speciation rates) weakly with body size, why physiological lower limits on body size exist and are conserved within a taxonomic groups, and why some groups exhibit macroevolutionary trends but others do not.
APPENDICES
These appendices document the technical details of our study.
• Appendix A fully describes the cladogenetic model used to test our main hypotheses, including the model's specifications (Appendix A 1), the statistical estimation of the model parameters from the mammalian fossil data (Appendix A 2), and our score function for comparing the results of the model to empirical data (Appendix A 3).
• Appendix B describes our model of species size variation at speciation events, including a new analysis of the empirical evidence for Cope's rule (Appendix B 1) and the estimation of the distribution F (λ) of within-lineage changes to body size (Appendix B 2).
• Appendix C presents supplementary results from simulating the model, including snapshots from a single simulation (Appendix C 1), and the results of our analysis of the model's sensitivity to the estimated parameters (Appendix C 2).
• Appendix D presents detailed comparisons of the model with simpler alternative diffusion models, several of which have previously been suggested as explanations of right-skewed size distributions.
• Appendix E gives a complete Matlab-code implementation of the model.
APPENDIX A: A CLADOGENETIC DIFFUSION MODEL OF BODY SIZE EVOLUTION
Complex theoretical questions about the evolution of body size, such as the ones we consider, are typically explored with simulations. Such a choice is mainly driven by the fact that a mathematical analysis of branching processes is often intractable for all but the most simple questions. On the other hand, poorly executed simulation studies can be misleading as a result of incorrect specification, among other reasons. We make a concerted effort to avoid such problems by defining a model whose parameters can be estimated directly from fossil data prior to the late Quaternary, and whose output can be validated against data from the late Quaternary (Recent species). Although these two data sources are not logically independent, they are perhaps as close to independent as we might wish for such a macroevolutionary study. We note that while we mainly study the body size distribution of terrestrial mammals here, this framework can easily be adapted to other taxonomic groups, e.g., birds.
Model specification
As described in the main text, our model combines three simple mechanisms related to body size evolution. Each of these processes has been previously suggested or studied the literature, but are combined here in a coherent, quantitative framework that engages directly with empirical data. We now briefly describe the technical details of the three processes.
1. The range of possible body sizes for a particular higher taxon, e.g., terrestrial mammals, obeys a lower limit x min . A limit like this was suggested in [1] on the basis that physiological factors, e.g., metabolic requirements, constrain how small a particular body plan can become without fundamental innovation. (For convenience, we also assume that body size obeys an upper limit, but set this limit at an extremely large size, x max = 10 15 g.)
2. As is conventional, simulated time proceeds in discrete steps, each of which corresponds to a single event of cladogenesis. Although realistically, each cladogenetic event could produce a variable number of descendent species, we present results only for the case where exactly two new species are created while the ancestor species becomes extinct. We note that several apparently reasonable variations on this rule, e.g., creating one or more descendent species while letting the ancestral species continue, however, appear to produce equivalent results.
At each of these speciation events, each descendent species' body size x D varies from its ancestor's body size x A according to a multiplicative random walk. That is, the size of a descendent is the product of its ancestor's body size and a random variable λ, which represents the relative percentage change in body size due to all contributing factors. We then assume that the instantaneous distribution of changes to body size F (λ) for a given event has two main characteristics: (1) it is stable over evolutionary time (i.e., it is not a function of time t, although it may be a function of ancestor size x A ), and (2) it always respects the aforementioned limits on body size. This latter requirement implies that for a given ancestor body size x A , the distribution of allowed changes to size F (λ) is bounded on the interval [ If log λ = 0, then we say that F (λ) is "biased," with a positive bias corresponding to Cope's rule; if log λ = 0, we say that F (λ) is "unbiased."
In the physics literature (see [28] ), this boundary effect is similar to an "absorbing boundary" condition in a diffusion-reaction equation, i.e., we require that the probability density go to zero at the boundary, s(x) = 0 at x = x min . In contrast, a "reflecting" or "insulating boundary" would require that the flux across the boundary be zero, ds/dx = 0 at x = x min . Unfortunately, these same terms have different meanings in the body size literature (see [17] ); thus, we avoid their use entirely.
3. Species become extinct independently with a probability p e that depends only on species body size. We considered two functional forms for how this risk of extinction varies with body size: a power-law function of the form log 10 p e (x) = ρ log 10 x + log 10 β, where β is the baseline extinction rate and ρ is the rate at which the rate increases with log-body size, and a logarithmic function p e (x) = ρ log 10 x + β.
The notion that extinction risk increases with body size ρ > 0 is a conventional one in the body size literature [26] , although most empirical documentation of these notions concern relatively modern species. As such, relatively little is known about speciation and extinction rates in the fossil record [25, 30] . However, as population size generally decreases with increased body size, the increased extinction risk could result from populations of larger sized organisms being closer to inviable population sizes. The result for this mechanism is that one parameter -the rate at which extinction risk increases with body size ρ -remains free in our study.
We note that an equivalent model would allow the speciation rate, or both extinction and speciation, to vary with body size. The absolute value of the speciation and extinction rates is not important [2] , but rather their ratio is. For a discretetime model, size-dependent extinction rates are significantly easier to work with. [19] . (A) Descendent body size xD versus ancestor body size xA overlaid by the relation xD = xA, representing the null-hypothesis of no bias toward larger or smaller body sizes, i.e., log λ = 0. The best-fit allometric relation log xD =λ log xA for this body size data (by standardized major axis regression [29] ) produces an estimated slopeλ = 1.02 ± 0.1 (where ± indicates the 95% confidence interval; r 2 = 0.95). (B) Estimated density (Gaussian kernel) of the distribution F (λ) of within-lineage changes to species body size (solid line; equivalent to distribution of vertical residuals in A), along with the maximum likelihood log-normal distribution (dashed). (C) Change in species body size λ as a function of ancestor size (circles) overlaid with the best model of the form log λ(xA) = N [µ(xA), σ 2 ] (dashed lines). Under this model, changes in body size at speciation events are systematically biased toward larger sizes (Cope's rule); the bias is strongest for small bodied species, but still positive [µ(xA) = 0.04] for larger species x 32 g. A likelihood ratio test indicates that this model is a better fit to the data than a model with no bias [µ(xA) = 0] for larger species (p = 1.44 × 10 −4 ; see Appendix B 2). We note that this simple model is a more conservative one than a model that includes the heavy tails of the distribution shown in B.
Only a few more words are necessary to complete our specification of the model. At each time step, one species, chosen uniformly at random from the extant set, undergoes cladogensis according to Rule 2. This action produces two daughter species, one of which is new and the other of which replaces the ancestral species in the extant set. Subsequently, each extant species becomes extinct according to Rule 3; extinct species are removed from the extant set. Fig. S1A illustrates this branching process schematically. The model is initialized with a single founder species with body size x 0 , and proceeds for t max time steps (the number of steps is also the cumulative number of species produced). Fig. S1B illustrates the form of Rule 2 that we use (see Appendix B for more details), where the largest change in body size is constrained so that the result would be to produce a daughter species with size x min . Fig. S1C shows an example of the resulting simulated distribution of species body sizes, where we have used the parameter values given in Table S1 , and Fig. S1D shows the central tendency of this model.
Parameter estimation
To implement this model on a computer, we must choose the form of each mechanism, e.g., F (λ). Where possible, we estimated both the form and the corresponding parameters directly from fossil data; the only genuine free parameter in the model is ρ, the rate at which extinction risk increases with size. In this section, we describe our methodology for estimating parameters for Rules 1 and 3, the size of the founder species, and the number of species to simulate. The methodology for parameterizing Rule 2 is slightly more involved and is described subsequently (Appendix B).
Rule 1 (boundaries) requires parameters to define a lower limit on body size. The most direct way to estimate these values is to consider fossil [19, 21] and Recent [18] body size data. Each of these sources agrees that the minimum mammalian body size is in the neighborhood of x min ≈ 2 g [e.g., both the Etruscan shrew (S. etruscus) and the bumblebee bat (C. thonglongyai) are in this range]. Experimental [22] and theoretical work [6] on metabolism also supports a fundamental limit in this vicinity. The particular size of the founder species has little impact on the simulation results (see Appendix C 2), and for convenience we choose it to be equal to the mode of the Recent distribution, x 0 = 40 g.
Parameter estimates for Rule 3 (extinction rates) can be partially derived from existing fossil data. We estimate the baseline extinction rate β for terrestrial mammals in the following way. If the number of Recent terrestrial mammals represents a roughly stable equilibrium, then for each cladogenesis event in the simulation there must be one extinction event, on average. (This equilibrium assumption is not central to our results, and can be relaxed without impacting the fundamental nature of the model, so long as the total number of extant species grows slowly relative to the rate of species turnover.) Thus, the baseline extinction rate is simply β = 1/n, where n is the expected number of species at equilibrium. We let n = 5000, although its precise value is unimportant. By letting extinction rate increase with body size, the actual number of species at equilibrium n eq will be somewhat less than this number. If the true number of terrestrial mammal species is substantially greater than our current estimate of roughly 5000, or if the assumption of equilibrium is incorrect, then the extinction probability curve can be rescaled by lowering the baseline extinction rate, which does not effect other aspects of the simulation such as the overall shape of the distribution.
We estimate the length of the simulation t max by estimating the total number of mammalian species since the Cretaceous-Tertiary boundary. We estimate this number as t max = τ n/ν, where τ is the number of years of equilibrium, ν is the average duration or lifetime of a species, and n is the number of species at equilibrium. We let τ ≈ 60 My, although its precise value has little impact on the results of the simulation. Estimates of the average duration of a species, however, vary quite widely depending on the data used. In the Alroy data set, ν = 2.32(8) My (n = 1703; the parenthetical value denotes the standard error in the last digit), while in the NOW data set, ν = 1.52(1) My (n = 14099). We estimate ν be the average of these: ν = 1.60(1) My, although its exact value is not important (see Appendix C 2 and Fig. S7) .
Finally, we estimate the value of ρ by numerically minimizing the distributional distance (see Appendix A 3) between the model and the empirical data for terrestrial mammals (Fig. S4A) . In general, we report results for the power-law model of extinction risk; the fitted value of ρ in the logarithmic model is such that the two risk curves are almost identical (see Fig. S4B ), indicating that the functional form is not important -both models result in a close-to-linear increase in extinction risk with log-size such that the risk of extinction at each step for TABLE S1: Cladogenetic simulation parameters, their estimated values and the data sources from which the estimates were derived. The parameters can be grouped according to mechanism: the physiological lower limit of the terrestrial mammalian body size (xmin); the distribution F (λ) of withinlineage changes to body size (c1, c2, δ, σ and α), where δ denotes the systematic bias away from smaller body sizes (Cope's rule) and c1 and c2 denote the additional bias for small-bodied species; the initial conditions and duration of the simulation (x0, τ , ν and n).
the largest species is 56 − 58% larger than the basal extinction risk (32 − 34% for F (λ) with log-normal tails). When spread over six or seven orders of magnitude, this causes a slight, positive dependence of extinction risk on body size. We note that the form of this curve provides a testable prediction of the model.
Scoring the quality of the model
The output of the simulation is a set of species body sizes. To evaluate the quality of this set relative to the empirical data on terrestrial mammals, we use a distance measure for statistical distributions, the tail-weighted Kolmogorov-Smirnov (wKS) goodness-of-fit statistic [31] wKS = max
where S(x) is the cumulative distribution function (CDF) of the simulated data and P (x) is the CDF of the empirical data. This statistic is independent of any particular binning scheme and thus gives a relatively general characterization of the dissimilarity of two distributions by measuring the maximum absolute deviation between the simulated and empirical cumulative distributions. Very small values (wKS < 0.3) indicate a strong closeness, for all values of x. In Fig. S1C , for instance, wKS ≈ 0.17. Some readers may be familiar with the more commonly used Kolmogorov-Smirnov (KS) goodness-of-fit statistic. The tail-weighted version differs by giving equal weight to all parts of the distribution, and particularly the tails. In contrast, the traditional KS statistic effectively weights the area near the median of the distribution the most, and thus can underestimate strong differences in the tails. This causes the tail-weighted version to be more difficult to minimize -all parts of the simulated distribution must be close to the empirical one, not just the middles of the distributions. We have tried using both statistics to score the quality of the model results, and we find that numerically minimizing the tail-weighted version chooses values of ρ that produce significantly more convincing results for larger-bodied species, e.g., x > 10 4 g. Finally, because the model produces a dynamic equilibrium in the species body size distribution, to evaluate its typical behavior, and to prevent transient effects from skewing our quality scores, we average the wKS statistic over regularly spaced intervals in the last 15 My of simulated time. When we evaluate the quality of a set of parameter values, we further average this value over several hundred independent trials.
APPENDIX B: CHANGES TO BODY SIZE AND COPE'S RULE
Rule 2 represents the manner in which body sizes vary at speciation events. Phylogenetic body size data for a wide range of terrestrial mammals would be the preferred way to determine the best model of within-lineage body size variation, but such ancestor-descendent data is not currently available for a sufficiently large and diverse set of terrestrial mammals. Instead, we use Alroy's putative ancestor-descendant data, reconstructed from fossil data for North American mammals, as a proxy. This data has been used in several previous studies of within-lineage variation of body size [14, 19] , and details of the nonphylogenetic reconstruction process for the 1106 pairs of terrestrial mammals species are given there. From this data, we estimate a parametric model for F (λ).
The non-phylogenetic nature of this data, however, implies that there are likely to be several inversions of ancestors and descendants, as well as several incorrect pairings of ancestors with descendants. Fortunately, the statistical nature of our analysis implies that so long as the number of putative pairs is relatively large, such errors will not obscure the true average log-change, which is precisely the aspect of this data most important to our study. Further, our sensitivity analysis indicates that the precise details of the inferred model, e.g., the average and variance, do not matter much with regard to our overall conclusions (see Appendix C 2), so long as a log-normal model of change is a relatively good model of the data.
Empirical evidence for Cope's rule
Empirical evidence for and against Cope's rule has been studied in a variety different taxonomic groups [14, 24, 32, 33, 34, 35, 36] . For terrestrial mammals, the evidence is relatively strong, with Alroy's study [14] showing Table S1 . For clarity, we also plot a smoothed trend (exponential kernel) over the sampled data. Each point is the average goodnessof-fit wKS , for the last 15 My of the simulation, over 50 independent trials. (B) The fitted extinction-risk curves for models of F (λ) with power-law and non-power-law tails, and for models where the extinction risk increases as a logarithm or power of size (see Appendix A 1, Rule 3). The similarity of the curves between these two extinction models shows that a generally log-linear form is sufficient. a slight systematic positive bias log λ > 0, with descendants tending to be slightly larger than their ancestors.
In order to specify Rule 2, however, we need to know not only whether there is a positive bias or not, but how strong is the bias as a function of ancestor size. This can be done by directly estimating the shape of F (λ) as a function of ancestor size. Thus, we conduct a new analysis of the previously studied ancestor-descendant data. S2A shows descendant body size x D as a function of ancestor body size x A , for Alroy's fossil data on North American mammals, and illustrates that descendants tend to be roughly the same size as their ancestors. The best-fit allometric relation [29] log x D =λ log x A to these data yieldsλ = 1.02 ± 0.01 (estimate ±95% confidence), indicating a small but systematic tendency for descendants to be slightly larger than their ancestors. Fig. S2B shows the distribution of within-lineage changes in body size (equivalent to the vertical residuals to the line x D = x A in Fig. S2A ), with increases (615) being only slightly more common than decreases (488; the remaining 3 cases are instances of no-change). Denoting λ as the multiplicative change in body size from ancestor to descendant, we find that the overall average change is toward larger sizes, with log λ = 0.047 ± 0.009. This estimate ignores, of course, the possibility that the average change depends on the ancestor size.
The conventional assumption in simulation studies of body size evolution is that F (λ) follows a log-normal distribution. We find that the data are consistent with this assumption; however, we note that the data are also consistent with a log-normal double Pareto distribution [37] -a log-normal distribution with tails that decay as power-laws (or, that decay as exponentials in log λ). We test this hypothesis using standard statistical techniques for power-law distributions [38] , and find that the tails of the distribution can be assumed to be symmetric [negative tail: α = 3.4(2), p = 0.83(3); positive tail: α = 3.3(2), p = 0.79(3); both tails together: α = 3.3(1), p = 0.96 (3)]. For completeness, we consider both models of F (λ) in our sensitivity analysis, and find relatively small differences between the results (but see Appendix D).
Our model of changes to body size
In this section, we describe a model-selection analysis among three alternative models of within-lineage changes to body size F (λ), all of which are drawn from a lognormal distribution where the average log-change to size µ depends on the ancestor's size x A . In this way, F (λ) can model both the effect of Cope's rule on large-bodied species and the effects of constrained evolution near the lower limit of body size on real mammalian evolution (above and beyond the form imposed by respecting the lower limit in Rule 2). This latter effect we call the smallbodied bias. For these three models, we ask which has the best empirical support from the putative ancestordescendent data.
1. Model one is a piece-wise form in which a bias toward larger sizes for small-bodied species decreases as a power of body size to a constant value δ for large-bodied species (Fig. S2C ).
2. Model two is identical to model one but sets the large-body bias parameter δ to zero.
3. Model three is a function µ that follows the best-fit cubic polynomial (see [14] ).
All models have the form log λ(
that is, log λ is normally distributed with constant variance σ and a mean µ that varies as a function of body (Table S1 ). Each figure shows the results for the model F (λ) with (red squares) and without (blue circles) power-law tails; for clarity, we also plot a smoothed trend (exponential kernel) over the results. Each point denotes the wKS statistic, averaged over the last 15 My of the simulation and over 100 independent trials. Further, because ρ is a free parameter of the model, for each point, we re-estimated ρ as the value that gave the minimum wKS (over 100 independent trials), given the choice of the parameter in question, with all other parameters being held fixed. size x A , where the particular functional form of µ(x A ) varies from model to model. In the first two cases, we use a simple piece-wise linear function:
where c 1 is the y-intercept and c 2 is the x-intercept of the size-dependent bias for small bodies, and δ is the magnitude of the systematic positive bias for larger species. Thus, c 1 controls the strength of the small-body bias and c 2 controls the range over which this bias decays; their ratio −c 1 /c 2 gives the power by which the bias toward larger descendants decreases with increasing ancestor size. When δ = 0 (model two), there is no systematic bias toward larger bodied species; a bias toward larger descendants (Cope's rule) is modeled by δ > 0 (model one). In the third case, we let µ(x A ) be the best-fit thirdorder polynomial to the ancestor-descendent data [14] ; this function crosses the x-axis in three places, implying the existence of two "optimal" body sizes, one for smallbodied and one for large-bodied species. In all cases, we estimate the free parameters of these models from the data using maximum likelihood.
Although each of the three models fits the data reasonably well (p > 0.1 under a standard parametric bootstrap test [39] ), the data is closest to model one [likelihood ratio test (LRT) [40] , | log(L 1 /L 2 )| = 7.226, p = 1.44 × 10 S2C shows the fitted form of the best model, where the strength of Cope's rule is δ = 0.04 ± 0.01 for x A 32 g (or, an average growth of 4.1 ± 1.0% per speciation event), along with the raw ancestor-descendent data. This model is visually very similar to a smoothed version of the data [41] , shown in Fig. S3 . Although these results suggest that our estimated model is a good summary of the data, the data themselves could be biased in several ways. A more robust analysis would combine the likelihood ratio test approach employed here with an appropriate model of the errors and bias, were such an error-model known for this kind of data.
Finally, we note that the fitted power-law model of the bias toward larger descendants for small-bodied ancestors has an exponent γ ≈ −1/4, which may or may not be related to the prevalent quarter-power scaling in ecology [42] . [2, 3] ) as methods for generating right-skewed size distributions. Each model was run 1000 times, from which we computed the central tendency of the simulated distribution (shown in Figs. S9 and S10) and the average statistical distance wKS from the empirical distribution. Results reported here are for F (λ) with power-law tails and the power-law model of extinction risk (similar results for log-normal tails or logarithmic extinction risk); the standard error in the last digit is quoted parenthetically. For models with ρ = 0, ρ was estimated by minimizing wKS .
APPENDIX C: ADDITIONAL MODEL RESULTS
AND ANALYSIS
Simulation results
To convey some notion of how the simulation develops the species body size distribution over time, Fig. S5 shows snapshots of simulated data, along with the empirical data, taken from a single run of the simulation. Initially, the simulated distribution is concentrated around the size of the founder species x 0 , but, over time, the distribution's right tail lengthens considerably until the simulated distribution is very close to the empirical one, for all body sizes. After approximately 30 000 total simulated species (Fig. S5C) , the agreement between the simulation and data is already relatively good (wKS = 0.37), with the main disagreement being for the largest-bodied species. By this point, the disagreement for small-and intermediate-bodied species is very small. Fig. S6 shows the corresponding time series of the wKS statistic over simulated time, for the same simulation.
Sensitivity analysis
We tested the dependence of our results on the particular estimated parameter values by conducting a thorough sensitivity analysis that varied each parameter independently over a wide range of values. For each of these alternative parameterizations, we re-estimated the value of the free parameter ρ (by repeating the calculation shown in Fig. S4A ). Fig. S7 shows the results of these tests, for two models of F (λ), one with log-normal and one with power-law tails. Results from the logarithmic model extinction risk are omitted as they are virtually indistinguishable from the results from the power-law model. Typically, the precision of the simulated distribution is highly robust to variations in the estimated values of most model parameters, with wKS < 0.3 and deviations appearing only in the extreme tails or in the 1 kg or 300 kg ranges. In particular, the precision is highly insensitive to the size of the founder species x 0 or the length of the simulation (parameterized by the average lifetime of a species τ ), and only mildly sensitive to the variance in the diffusion process σ. Somewhat greater sensitivity is seen for the strength of Cope's rule δ, although both positive and negative values both produce good fits to the data. The most sensitive parameter is the value of the lower limit x min , with good fits only being produced when x min ≈ 2 g.
We performed a second sensitivity test to probe the connection between the strength of Cope's rule δ and the rate of increasing risk from extinction for larger bodied species ρ. By systematically varying these two parameters, we find that the particular shape of the right-tail of the empirical distribution can only be produced when these two parameters co-vary in a very regular fashion. Fig. S8 shows the results of this experiment, where we choose two different values of ν (average species lifetime) and two different forms for F (λ) (as before, log-normal or power-law tails).
We interpret these results in the following way. The greater the short-term selective benefits derived from increased species body size, the more species tend to have larger body size, at the expense of smaller body size. If the increased risk of extinction from increased body size does not increase in a related way, then the distribution of species body sizes becomes more heavily weighted toward large-bodied species. If, however, the risk of extinction increases proportionally to the increased benefits of body size, then the size distribution's steady-state remains unchanged.
APPENDIX D: COMPARISON WITH SIMPLE DIFFUSION MODELS
Less complex diffusion models have also been suggested as possible explanations of right-skewed (on a log-scale) species body size distributions (see [2, 3] ). The model described in Appendix A 1 naturally generalizes many of these models, and thus allows us to easily ask whether any of these simpler models are also adequate explanations of the empirical distribution.
In particular, we consider (1) unbiased diffusion with a lower boundary, (2) Cope's rule with size-dependent extinction, (3) Cope's rule alone, and (4) size-dependent extinction alone. Additionally, we consider (5) a simplified version of the full model that omits the increased bias toward larger descendants for small-bodied species near x min , i.e., a model in which µ(x A ) = δ rather than the more complex form given in Eq. (B1) (see Appendix B 2). Simulation results for the full model and each of these five models are shown in Figs. S9 and S10. The results of the experiments are summarized in Table S2 .
For each model, we repeated the simulation 1000 times to compute the simulated distributions' central tendencies (as in Fig. S1D ). We also calculated the average distributional distance wKS from the empirical distribution, which we used to rank-order the models in terms of their accuracy. For models that included the mechanism for size-dependent extinction (i.e., when ρ = 0), we re-estimated ρ by minimizing wKS relative to the empirical distribution. In general, except as specified in Table S2, the parameters of the included mechanisms were set according to our estimates from fossil data ( Table S1 ).
The results of this exercise indicate that the full model is the best explanation of the empirical distribution for terrestrial mammals ( wKS = 0.181, Fig. S9A ), reproducing the entire distribution quite accurately, with the exception of significant deviations near 1 kg and 300 kg. We note that none of the alternative models could reproduce these deviations. Further, only the full model, which includes the increased bias for small-bodied species, accurately reproduces the left-tail of the empirical distribution. All other models, including the model that omits only this behavior but is otherwise identical to the full model (Fig. S9B) , overestimate the number of species with size x < 40 g. To be clear, the lower limit on body size itself causes the left-tail of the simulated distribution to decay somewhat like that of the empirical distribution, but only by including the increased bias for small-bodied species, inferred from fossil data (Appendix B 2), do the tails coincide.
The second best model is the one that omits the smallsize bias ( wKS = 0.244, Fig. S9B ). This model, however, fails to accurately reproduce the left-tail of the empirical distribution; the fit to the right-tail is largely unaffected. The third-best model is unbiased diffusion in the presence of a lower boundary but without a sizedependent extinction risk ( wKS = 2.97, Fig. S9C ). This model produces distributions with a heavy right-tail and a steep decline in density near x min , but dramatically misestimates the number of large-bodied species (too many for F (λ) with power-law tail, and too few for F (λ) with log-normal tails), and the number of species near the modal size x ≈ 40 g. This model also has the possibly undesirable feature of no steady-state. That is, the more time has passed, the heavier the distribution's right-tail, and the larger the largest extant mammal, becomes. This implies that the similarity of the simulated and empirical distributions, in this case, depends strongly on the mean species lifetime ν and the length of the simulation τ .
The three models with no lower limit x min failed to produce distributions remotely close to the empirical one, with wKS > 10.6 in all cases, and typically produced an over-abundance of extremely small species (e.g., x < 0.01 g). It may be possible to improve these results by altering some model parameters far beyond the values estimated from fossil data, e.g., significantly increasing the strength of Cope's rule δ and the extinction risk at larger sizes ρ to drive small-bodied species toward larger sizes. Alternatively, more complex mechanisms may also improve the results of these simple models, e.g., an extinction-risk curve that increases weakly above, and strongly below, x ≈ 40 g would partly mimic the effect of a hard lower limit; using a more complex F (λ) can certainly produce apparently complicated distributions (e.g., [43] ); etc.
Thus, all three processes -a fundamental lower limit, the diffusion of species size, and an increasing risk of extinction with size -are necessary to reproduce the empirical distribution of Recent terrestrial mammals, and models that omit either the lower limit x min or extinction risks that increase with body size never produce realistic distributions, when using parameter estimates drawn from fossil data. Further, we found that an increased bias toward larger sizes for small-bodied species (x 32 g) is necessary to reproduce the particular shape of the empirical distribution's left-tail (small-bodied species); without this increased bias, the model consistently overestimates the number of species near the lower-limit. Finally, we found that a systematic relationship between the strength of Cope's rule δ and the rate at which extinction risk increases ρ is necessary to produce realistic body size distributions, such that an increase in the short-term benefit of increased size can be balanced by a comparable increase in the long-term risk of extinction from increased size.
APPENDIX E: SIMULATION CODE
This simulation code is written in the Matlab programming language. It requires no additional toolboxes to run, and should be compatible with all recent versions of the software. In each case, we systematically varied both the strength of Cope's rule δ and the strength of extinction for larger body sizes ρ, and computed the average goodness-of-fit to the empirical distribution function, for the last 15 My of the simulation, over 100 independent trials. In each figure, we circle the region of parameter space that provides the best fit to the data, wKS ≤ 0.25.
(A, C) show results for using a log-normal distribution with power-law tails (also known as a log-normal double Pareto); (B, D) show results for the same log-normal distribution but without power-law tail. (A, B) show results for ν = 2.3 My, while (C, D) show results for ν = 1.0 My. Notably, the model with log-normal tails has a much more narrow range of parameter values that provide good fits to the data. For the models with power-law tails, an extinction parameter of 0.02 ≤ ρ ≤ 0.03 provides the best fit to the data for the particular strength of Cope's rule we estimated from fossil data δ = 0.04, regardless of how long the simulation is run. Table S1 . (B) The same model as in A, but with no increase in log λ for small-bodied species. (C) The same model as in B, but also with no size-dependent extinction risk and without Cope's rule for large-bodied species ( log λ = 0), i.e., a model of unbiased diffusion with a lower bound. Table S2 summarizes these results and gives the specific parameter settings used. Table S2 summarizes these results and gives the specific parameter settings used.
